INTRODUCTION
The 4-sequence bcca contains the six 2-sequences -. bc, bc, ba, cc, ca, and ca. In general, any n-sequence determines a multiset of (= n!/k!(n-k)!) k-sequences.
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Suppose, conversely, that we are given a multiset 01 k-sequences. Does that multiset come from some sequence? If so, is the source sequence unique? Such questions are reminiscent of the problem of reconstructing graphs from vertex-deleted sub raphs, which has received a great deal of attention in the last twent years 121. kn this note we consider the problem of reconstructing an n-sequence rom its subsequences of length k.
P
Before going any further, we resent three examples. We su est you try these before continuing, to get some o the flavor of the problem. nswers are to be found later in this sectlon.
legitimate, arising from a 4-se@&ce and a 5-siq;ence, respectively. This counting test, which determines n uniquely, can be extended to counts on subsequences of various lengths. On the other hand, all those tests together are not obviously a sufficient test for legitimacy. We know of no good conclusive test of legitimacy.
A legitimate sequence S is not k-RC if there exists another n-sequence with the same k-deck. This is illustrated by example l(b) which is the 2-deck of both abba and baab.
On the other hand, some intelligent trial-and-rror leads to the observation that the sequences of example l(c) are the 3-deck of the sequence abacb. It is then not difficult to give an argument that no other sequence has this same 3-deck, so that abacb is 3-RC (a fact implied by the theory to be presented later).
BASIC RESULTS

.
We use the notation [g] to denote the number of copies. of the sequence T which appear as subsequences in S. Thus in example l(b), Ebba] = 2. A simple counting argument gives the following result. The corollary assures us that long subsequences are at least as useful for reconstruction as short subsequences. The obvious question is then: for each n, what length k of subsequences is required to determine all n-sequences? Let f n) denote \ the minimum value of k for which every n-sequence is k-RC.
We wou d like to find the value of f n) for all n, but so far we have only partial results. In his k original paper [3] , alashnik apparently proved that f(n) < n/2. We have been unable to obtain a co y of his paper, but present our own proof that f(n) < n/2. A paper by Aleksanjan Ill claims to show that f(n) < 3 for all n. It is easy to see that the pair abbaaab, baaabba have the same 3-deck, and so serve as a counterexample to that claim. In fact we will show that f(n) is at least logzn for large n. Before we do that, however, we eliminate one source of complication by showing that we can limit ourselves to sequences on alphabets of size 2. PROOF. Clearly if we can k-reconstruct an n-sequence on X we can k-reconstruct r any n-sequence on {a,b). Conversely, i we know how to k-reconstruct all n-sequences on {a,b), then given the k-deck of any n-sequence on X, replace any one element, say x, with "a" in all of its appearances, and replace all the other elements with "b". Since we can k-reconstruct sequences on {a,b), we can determine the location of all the x's in the original sequence. Repeating this procedure with all of the other elements, we can k-reconstruct the original sequence.
Because of Lemma 2, we will assume from now on that all of our sequences are on the set {a,b).
We now give a counting argument to show f(n) > (1 -c)log2n for any fixed c and all large enough n. We will give a constructive proof that f(n) > log2n (at k least when n = 2 ) in the next section.
LEMMA 3.
For any r, 0 < c < 1, there is an N 
PROOF.
The number of possible k-decks for n-sequences is the number of ways to select [i] objects from 2k distinct objects, with repetition allowed, which is [ [ ' I 2 : :: ' 1 . But for k < n and n > 3, we have Since the number of binary n-sequences is 2' , it follows from (1) that if
there are not enough distinct kdecks to go around, and two n-sequences have the same deck. Solving (2) for k is difficult, but we can immediately observe that for any fixed k, (2) is true for large n. So no fixed k is sufficient to reconstruct arbitrarily lon sequences. To et an estimate of how large k must be to allow the inequality in 72) to be reversd, choose k' so that k = k110g2n. Substituting this into (2), taking the logarithm of both sides and simplifying yields If k' = 1 -6, 0 < 6 < 1, this is true for n sufficiently large. Thus for large n, n-sequences are not k-reconstructible if k = (1 -r)log2n.
NON-RECONSTRUCTIBLE SEQUENCES
We will employ four ways to construct new sequences from old ones. The concatenation S + T is the se uence S followed by the sequence T. For sequences R, S, and T the substitution R~S , TI is obtained from R by replacing each a with S and each b with T. The complement Rc of the sequence R is R[b, a]. Finally, the reversal Rr is R read backwards. EXAMPLE 2. Let R S, and T be aba, bbab, and aabbb, respectively. Then S + T is bbabaabbb, R~S, TI is bbabaabbbbbab, Sc is aaba, and T is bbbaa.
The following is immediate. In fact we can do better than the pairs in Example 3.
EXAMPLE 4. The first of the following pairs was found by trial and error. The others can be found using techniques explained in the next section.
abbbaab and baabbba are a non 3-RC pair of length 7. abbbabaabbba and baabbbabbaab are a non 4-RC pair of len th 12.
e; From the pairs in examples 3 and 4 we can construct pairs of non k-RC sequences for all values of k, using Lemma 5. Those give us the followin% upper bounds on g(k), which we define to be the minimum value of n for whic some n-sequence is not k-RC. Notice that if g(k) < n then f(n) > k, and if f(n) 5 k then g(k) > n.
RECONSTRUCTION OF SEQUENCES
In order to reconstruct sequences from subsequences, we need some notation. If we treat the b's as dividers of strings of a's, we write the sequence abbbaab as We are now ready to begin the proof that f(n) 5 1112, so that every sequence is reconstructible from the subsequences half its length. The flavor of the proof is given by the following simple result. PROOF. Suppose we are given the k-deck of such a sequence S with a-vector (i,,, il, i2, ..., ik), and A is the subsequence of S with b-vector (j, k -j -1).
Then [i] is known, because A is a ksequence, and since [i] = ij, the a-vector of S is known. But S is completely determined by its a-vector, so S is k-RC.
By Corollary 1, the lemma implies that sequences with at most k -1 b's are k-RC. Replacing b by a, we can conclude that sequences with at most k -1 a's are also k-RC. But by the pigeonhole principle, an n-sequence must have at most k -1 a's or at most k -1 b's if n < 2k. Thus Lemma 7 has the following corollary.
COROLLARY 2. Any n-sequence S is k-RC, for k = [n/2] + 1.
A more sophisticated version of the same argument allows us to improve Lemma 7 to the following result, beginning a sequence of three lemmas which lead to the main theorem. S is a sequence with k b's, with a-vector (6, il, i2, . .., ikJ, and i f A has b-vector ( If S and S' , with a-vectors v = ($, il, 5, ..., 5) and The null space of this matrix is generated by the vector u.
LEMMA 8. If
Lemma 9 gives us conditions on v and v'. If v -v' = xu, where x is a positive integer, then the sum of the entries of v (and of those of v') is at least dk-', since the sums of even binomial coefficients and odd binomial coefficients are each z~-'. This implies that both S and St have at least 2 a s , so n 2 k + xzk+' 2 k + z~-'. Thus we have the following result.
PROOF. We can assume that S has at least as many a's as bts. If the number of bts is less than k, then S is k-RC by Lemma 7. If the number of b's is equal to k and S is not reconstructible, then from Lemma 10,
which implies which is false for n > 7.
Note that example 4(a) shows that Theorem 1 is not true for n = 7.
A similar type of argument leads to a slightly stronger result. 
I
. This is equal to [ % I , which because v -v' = kx can be represented as
Setting the difference of these expressions equal to 0 and simplifying, we find that 
NON-RECONSTRUCTIBLE SEQUENCES, REVISITED
The methods used in the last section to prove certain sequences reconstructible can be applied to produce pairs of non-reconstructible sequences. The underlying idea is straightforward, but the actual production process, at least as it is understood so far, is an art rather than a science. PROOF. This follows from Lemma 13 exactly as Lemma 9 follows from Lemma 8. The jth row of the matrix for which v -v' lies in the null space is given by ' The null space of this matrix is spanned by the vector given, and its shifts. 1,0,5,0,0,4,3,0,0,5,0,1) and v' = (0,4,0,0,5,1,0,5,0,0,4,0) , is (1,-4,5,0,-5,3,3,-5,0,5,4,1) ). The number of bls in each sequence is 11, which is 6 + 5, so we have m = 5. Thus v -v1 should be representable as a sum of shifts of the vector u = (1,-6,15,-20,15,-6,1,0,0,0,0,0) . In fact if s is an operator shifting each nonzero entry one to the right (so that su = ( 
